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Phase retrieval from images in the presence of first-order vortices
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~Received 22 September 2000; published 27 February 2001!

We discuss retrieval of the phase of quantum-mechanical and classical wave fields in the presence of
first-order vortices. A practical method of phase retrieval is demonstrated which is robust in the presence of
noise. Conditions for the uniqueness of the retrieved phase are discussed and we show that determination of the
phase in a given plane requires a series of at least three two-dimensional intensity images at different propa-
gation distances. The method is applicable to a wide range of scenarios such as the imaging of imperfect
crystals, quantitative determination of the strength of vortex filaments in high-temperature superconductors,
and x-ray and electron holography.
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The study of wave-field singularities, both quantized a
classical, is a rich and diverse topic for fundamental a
applied research. Noninterferometric determination of
phase of quantum-mechanical and classical wave fields~i.e.,
phase retrieval! is a topic of current interest in a number
areas where either phase imaging or structure retrieval i
issue. For example, phase measurement is topical for op
@1#, x-ray @2,3#, neutron@4#, electron@5–8#, and atom@9#
wave fields. In all of these areas it is possible that vorti
and other phase singularities may arise@10–12#. This means
that the phase is not necessarily continuous and single va
and a method of phase retrieval is required that can acc
modate this. In this Brief Report we demonstrate a pract
approach to phase retrieval in the presence of first-order
tices which is robust in the presence of noise. Conditions
the uniqueness of the retrieved phase are discussed an
show that determination of the phase in a given plane
quires a series of at least three two-dimensional inten
images at different propagation distances.

Consideration of vortices in quantum mechanics appe
in many places, for example, Dirac’s pioneering article
quantized singularities in the electromagnetic field@10#,
quantized vortices around wave-function nodes@13#, the
Aharonov-Bohm wave function@14#, angular-momentum
eigenstates of the hydrogen atom@15#, superconductors@5#,
superfluids@16#, and Bose-Einstein condensates@17#. The
study of vortices in the visible-light optics community wa
largely spurred on by the work of Nye and Berry@18# in the
mid 1970s. In this context, vortices are often associated w
phenomena like diffraction-free beams@19#, vortex solitons
@20#, or holographically produced screw dislocations@21#.
We emphasize that the presence of wave-field vortice
ubiquitous rather than exotic. Indeed, the physics commu
is becoming increasingly aware of the fact that vortex-f
propagating wave fields will almost always develop vortic
after evolving through a certain critical length of time
space@12,18,22,23#.

We restrict our discussion to monoenergetic propaga
wave functionsc(r ) that satisfy the time-independent fre
space Schro¨dinger equation

~¹21k2!c~r !50, ~1!
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where k52p/l and l is the free-space de Broglie wave
length. As is well known, an equation of this form is als
satisfied by monochromatic scalar electromagnetic wave
free space, allowing us to treat simultaneously the case
monoenergetic electrons and monochromatic electrom
netic waves. We write the wave function in terms of
modulus and phase in the formc(r )5uc(r )u exp@if(r )#.
From the continuity and single valuedness of the wave fu
tion, it follows that the squared modulus~intensity! of the
wave function will also be continuous and single value
However, the fact that the phase is undefined where
uc(r )u50 implies thatf(r ) may be a discontinuous an
multivalued function of the coordinatesr . Since the phase is
only defined modulo 2p, its integral around a closed loo
need not vanish and will in general equal an integer multi
m of 2p ~m is called the topological charge!:

R
G
“f~r !•dn̂5m~2p!. ~2!

Here, n̂ is the unit vector tangential to the closed pathG
around which the loop integral is taken;G is any closed loop
in the space of coordinatesr over whichuc(r )u.0. A non-
zero value for the circulation integral above heralds the pr
ence of a phase vortex.

We will generate wave fronts with vortices in the pha
from an input model wave function without vortices that h
the intensity and phase shown in Fig. 1. The arbitrary nat
of these input data serves to highlight the fact, mention
earlier, that almost any choice of images for the probabi
density and phase of the wave function will lead to pha
vortices after the wave field has been allowed to propaga
sufficient distance through free space.

Our example can be considered to apply to two cas
First assume that the intensity and phase maps in Fig. 1~each
1603160 pixels! have dimensions 75 Å375 Å and are
formed by a beam of electrons of energy 100 keV~wave-
length 0.037 Å!. Alternatively we can consider the image
Fig. 1 to have dimensions 1.28 mm31.28 mm and the inci-
dent radiation to be laser light of wavelength 6328 Å~HeNe
laser!. Then the image and phase maps in Fig. 2 corresp
to the defocus values indicated in the square brack
Spherical aberration could be included in constructing
©2001 The American Physical Society02-1
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focal series@23# but would be more pertinent for electro
optics. Propagation of the wave function in free space yie
the series of phase maps shown in Fig. 2. Vortices
present in all these phase maps.~The phase maps ar
wrapped—unwrapping in the presence of vortices has b
discussed by Carter@24#!. We indicate one such vortex by a
arrow in each phase map. The vortices we have indicated
each connected to a counter-rotating partner by branch li

FIG. 1. Input intensity~Mark Twain! and phase map~Louis-
Victor de Broglie! which form our initial wave function. The inten
sity varies between 0 and 1 and the phase varies between2p and
p. Pictures originally containing 1283128 pixels have been padde
out to 1603160 pixels—by 1s in the intensity and zeros in t
phase.

FIG. 2. Series of defocused images and phase maps gene
from the wave function shown in Fig. 1. The defocus values in
correspond to the electron scattering case discussed in the tex
those in square brackets in mm to the laser optics case.
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The images obtained after propagation were first modified
the addition of noise before display in Fig. 2. We assigne
number of counts to each pixel in the images assuming
an intensity of unity contained noise at the 5% level. T
statistical errors at each pixel were assigned using a ran
deviate drawn from a Poisson distribution with mean cor
sponding to the noise-free number of counts for a given p
@25#.

Consider the image forD f 5500 Å in Fig. 2. Close ex-
amination, at higher magnification, shows that each zero
the intensity is a point and in the vicinity of a zero the i
tensity behaves asI (xi ,yi)5Axi

21Bxiyi1Cyi
2 ~coordinates

xi andyi refer to a reference frame with the origin center
on thei th zero!. This implies that in the vicinity of the zero
the real and imaginary components of the wave function
have ascR5axi1byi andc I5cxi1dyi , respectively@26#.
In other words we have simple first-order zeros in the wa
function. This is likely to be the case for a large number
realistic physical situations. The phase in the vicinity of t
zero is given by

f~xi ,yi !5arctanS c1d tanu i

a1b tanu i
D , ~3!

whereu i is the polar coordinate in thexiyi plane. Since

df

du i
5

~ad2bc!~11tan2 u i !

~a1b tanu i !
21~c1d tanu i !

2 , ~4!

the phase is monotonically increasing or decreasing, dep
ing on the sign of (ad2bc), and exhibits a vortex behavio
@26#. The change in the phasef as the coordinateu i varies
from 0 to 2p about thei th vortex is

Df i5E
0

2p df

du i
du i562p. ~5!

Therefore a simple first-order zero in intensity is associa
with a vortex in the phase with topological chargem561
and any correct solution to the phase problem must show
behavior. Therefore we have a situation where we know
positions of all vortices and that they have a topologi
chargemi561.

In practice we use the following approach to retrieve t
phase. Having made an initial guess~of a constant! for the
phase atD f 5500 Å we propagate the wave in free spa
cyclically between the images in the series in Fig. 2, corre
ing the modulus to the known value after each propaga
step until convergence is obtained. We discuss our appro
to the phase retrieval in terms of the electron optics case
it is equally applicable to the laser optics case just mentio
~or any other equivalent situation for that matter!. A sum
squared error@27# of 6.4831024 was obtained after 939 it
erations. The retrieved wave function atD f 5500 Å is shown
in Fig. 3. Also shown is the wave function that is then o
tained by back propagation to zero defocus, which can
compared with the wave function in Fig. 1. The effect
noise in the focal series in Fig. 2 is mainly evident in t
intensity rather than the phase. For fast convergence of
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algorithm the step between the images~250 Å in this case!
must be sufficiently large for there to be significant diffe
ences between the images. At least three images are ne
to obtain the correct phase map. Using five images 25
apart, convergence is obtained after only 230 iteratio
Tested on other focal series of three or more images
method was always successful. A practical consideration
applications is that the images would need to be caref
aligned.

Having obtained the phase map atD f 5500 Å from the
intensity data in Fig. 2, we can use this phase as an in
estimate for a phase retrieval using the images at, sayD f
5500 and 750 Å and a further image plane close to tha
D f 5500 Å, say,D f 5475 Å. Assuming that the phase ma
atD f 5500 Å is then essentially unchanged we can now c
sider the relationship of the retrieved phase to the so-ca
transport of intensity equation~TIE! @9#:

“'•~ I“'fs!52(
i

mi

r i

]I

]u i
2k

]I

]z
. ~6!

In Eq. ~6! the phase has been decomposed into scalar
vector components@9# via “'f5“'fs1(“3fv)' ~the
symbol' denotes operation in the image orxy plane! and the
term containing the vector phase is determined by the
term on the right-hand side~RHS! of Eq. ~6! ~this term de-
scribes a differential rotation of probability density about t
vortex core!. The term on the LHS describes a different
translation of probability density transverse to the propa
tion directionz. Furthermore,r i is the radial coordinate in the
reference frame of thei th vortex and]I /]z is the variation in
intensity along thez direction, which can be estimated from
the two closely spaced images. Our solution for the ph

FIG. 3. The image and the recovered phase map forD f
5500 Å for electron optics@D f 58.55 mm in the laser optics case#
and the corresponding image and phase map for back propag
to D f 50 Å @mm#.
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should satisfy Eq.~6! ~within the limits of the paraxial ap-
proximation implicit within the TIE!.

We ignore terms in Eq.~6! for which ]I /]u i50 @9#. Am-
biguities corresponding to such ‘‘unobservable’’ phases
be identified using symmetry arguments. If the RHS
known then Eq.~6! may be uniquely solved for the phas
However, the RHS is not uniquely specified by the intens
measurements because the signs of the topological cha
mi are not determined. The only other possible solutions
the TIE correspond to different choices for the signs of
topological charges. There are 2n21 further sets of signs if
there aren vortices. In general only the solution we hav
obtained by iteration will propagate correctly to a third pla
and those obtained from the TIE corresponding to other
of signs for the topological charges will not, and this can
checked.

The vortices lie on trajectories that may be tracked,
shown by the example in Fig. 4~the vortices shown by the
arrows in Fig. 2 are on this trajectory!. Having chosen the
sign of any vortex in the image plane on a given trajecto
the signs of all other vortices evident in the image plane
the same trajectory are determined. This can be used to
duce the number of possible sets of signs for the topolog
chargesmi ~there is only one free parameter for charges o
closed vortex trajectory!.

We now briefly discuss some anticipated applications
the method of phase retrieval we have demonstrated. Im
diate applications may be made to the quantitative imag
of crystal defects using high-resolution transmission elect
microscopy, where phase vortices are ubiquitous@23#. Im-
portantly, the method discussed here is easily modified
correct explicitly for any aberrations that are present in
imaging system, provided that they are accurately kno

ion

FIG. 4. Vortex trajectory on which the vortices indicated by t
arrows in Fig. 2 lie. The counter-rotating partners evident in
phase maps also lie on the same trajectory. Moving along the
jectory in the direction of the arrow, the vortex is rotating count
clockwise.
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BRIEF REPORTS PHYSICAL REVIEW E 63 037602
@23#. The method may also be readily applied to the imag
of high-temperature superconductors containing a networ
vortex filaments@5#. In the context of transmission electro
microscopy on such samples, the correct phasing of the e
surface wave function is easily related to the strength of
vortex filaments in the superconductor and thereby to th
desirable technological properties. We stress that the evi
ubiquity of the vortex implies the very limited domain o
validity possessed in this context by phase-retrieval al
rithms that assume the phase to be vortex free. Lastly,
methods presented can be applied to electron and x-ray
lographic microscopy, obviating the need for any form
imaging optics.
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In conclusion, there exist many scenarios where the p
ence of vortexlike phase singularities demands a pha
retrieval algorithm that is able to cope with their existenc
The ideas discussed here comprise a simple, robust,
rapid method for the phase retrieval of both quantu
mechanical and classical wave fields in the presence of fi
order vortices. Uniqueness of the retrieved phase can
checkeda posteriori.
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